I. INTRODUCTION
Thermoelectricity which directly converts between thermal gradients ͑temperature difference͒ and electricity is expected to play significant roles in the global energy crisis and the thermal-management challenges of high heat flux systems. [1] [2] [3] Efficiency of thermoelectric ͑TE͒ devices ͑refrig-erator or power generator͒ is determined by the dimensionless figure of merit ͑ZT͒ of TE materials
where S is the Seebeck coefficient, is the electrical conductivity, T is the absolute temperature, c is the thermal conductivity due to the contribution of electrical carriers ͑both electrons and holes͒, p is thermal conductivity due to the contribution of quantized lattice vibration ͑phonons͒, and S 2 is usually mentioned as the power factor. 4, 5 The higher the ZT is, the better is the performance of a TE material or device. Apparently a high ZT material should have both high power factor ͑S 2 ͒ and low thermal conductivity. In conventional bulk materials, the quantities S, , and c are correlated with each other that makes the independent control of these properties very difficult. Thus the best bulk TE material stays at ZT= 1 for 40 years since 1950s. The introduction of nanostructures to enhancing ZT in 1990s has revolutionized the field through quasi-independent control of S, , and c for next generation of high-efficiency TE materials. 1 The kinetic model gives S = 1 eT ͓ ͗E͘ ͗͘ − ͔, where E is the energy of electrical carrier, is the relaxation time of electrical carrier, is the chemical potential and the bracket denotes the statistical average. Apparently the Seebeck coefficient S represents the average energy of mobile electrical carriers. Changing the density of states ͑DOS͒ of electrons or holes that are responsible for electrical current could significantly alters the Seebeck coefficient while a gain of the power factor or ZT could come from an optimal control of the DOS. Coherent control of electrons through low-dimensional quantum structures such as superlattices and nanowires ͑NWs͒ presents most obvious ways to control DOS which stimulates most of the research in superlattice 6 and NWs TE. [7] [8] [9] [10] Doping of a TE material with resonant energy level which originates from impurity levels presents another interesting and relatively new way to engineer the shape of DOS for high efficiency TE material. 11 Filtering low-energy carriers through incoherent or random interfaces indeed presents a very promising approach for changing DOS of transporting carriers that could significantly enhance S while not requiring precise control of material structures in synthesis. While a qualitative model has been presented in early 1990s for electron filtering, 12 ,13 a rigorous model for the impact of energy filtering is still short of. Another more significant contributor to the recently reported high ZT materials is the reduction of lattice thermal conductivity induced by phonon-interface scattering.
1 Nanocomposite ͑NC͒ materials is indeed a material platform that could be easily synthesized to realize both low-energy electrical carrier filtering and the reduction in lattice thermal conductivity without the burden of coherent control of electrical and thermal carriers. 1 Over the past few years, we have witnessed significant amount of works and progresses in nanostructured TE using potentially cost-effective NCs. The TE properties of various NCs materials have been reported experimentally. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] For example, Poudel et al. 31 reported a significant increase in ZT reaching a peak about 1.4 near 373 K in p-type Bi 0.5 Sb 1.5 Te 3 -alloy-based NCs material. All these experimental studies indicated that ZT can be enhanced through proper tuning of the composition and the size of nanoconstituent in NCs materials in comparison with bulk alloy materials. Recently, Medlin and Snyder 32 presented a review of the studies to control and understand the formation and the transport properties of the NCs materials.
Theoretical study of TE NCs has also grown significantly over the last few years due to its importance in guiding the materials synthesis. The lattice or phonon thermal conductivity of NCs was studied and reported in a series of papers by Yang and Chen 33, 34 using the phonon Boltzmann transport equation ͑BTE͒ and then using the phonon Monte Carlo simulation after realizing that the Fourier theory based heat conduction model for conventional composites could not be used to predict the thermal conductivity of NCs. 35 Similarly, theoretical models have recently been proposed to challenge the validity of using the conventional bulk TE transport model to predict electron transport properties of NCs, which was proposed by Bergman et al. 36, 37 in 1990s using effective transport matrix and field decoupling transformation method. These new models usually introduce a carrier-interface relaxation time b to account for the interface scattering experienced by carriers in NCs by assuming a given barrier height of one-dimensional rectangular potential barrier without considering the detailed band structures. 13, [38] [39] [40] More recently, Minnich et al. 41 used the charge-trapping model to account for the interface scattering in NCs. Taking one step ahead, Faleev et al. 42 and Zebarjadi et al. 43 used the Born approximation, and the partial wave method to calculate the scattering cross section of carriers and thus the carrier-interface relaxation time when electrical carriers experience a more realistic material interface that is governed by the Poisson equation. However, this method is valid under the dilute limit, i.e., the concentration of nanoconstituent, which could be nanoparticle ͑NP͒ or NW, should be very low, so that each NP or NW can be treated independently. When the nanoconstituent concentration is high, Zebarjadi et al. 44 introduced an effective medium theory based on coherent potential approximation similar to that used in disorder electron systems. 45, 46 In this paper, we present a semiclassical phenomenological model to study TE transport in NCs under the framework of the Boltzmann transport theory. Comparing to the recent works, our contributions are as follows: ͑1͒ two different types of NCs are studied and compared: one is nanoconstituent embedded in a host material ͑matrix͒ and the other is an assemblage of two kinds of nanoconstituents. ͑2͒ Our model considers the transport processes in both nanoconstituent materials that makes our model to be useful for both types of NCs with a large range of volumetric fraction and the size of nanoconstituent. ͑3͒ We develop a relaxation time model for carrier-interface scattering. Furthermore, we generalize the carrier-interface scattering by introducing geometric factors that could be related to arbitrary geometry of nanostructures in NCs and thus enabling us to study the effect of nanostructure geometry on the transport properties. ͑4͒ We consider detailed shape of energy barriers by numerically solving the Poisson equation for band bending near an interface between two different materials in NCs. ͑5͒ By using the modified effective medium approximation ͑EMA͒, 47 the lattice thermal conductivity of NCs is calculated which enabled us to calculate the effective ZT of NCs. Our study could thus shed some light to optimally design high-efficiency TE NCs which could contribute to solar-thermal utilization or waste heat recovery. This paper is organized as follows. We present a Boltzmann transport model for the transport of multiband electrons and holes in Sec. II. A relaxation-time model for carrier-interface scattering is presented in Sec. III. Then we present the detailed studies of p-type ͑Bi y Sb 2-y Te 3 ͒-͑Bi 0.5 Sb 1.5 Te 3 ͒ and n-type ͑Mg 2 Si y Ge 1-y ͒-͑Mg 2 Si 0.6 Ge 0.4 ͒ NCs after briefly presenting the fitting procedures for material input parameters of the model in Sec. IV. Finally, Sec. V concludes this paper.
II. MULTIBAND CARRIER-TRANSPORT MODEL IN NC
Depending on the synthesis processes, there are generally two types of NCs with two constituent materials: NPs or NWs embedded in a host material ͑matrix͒ as shown in Fig.  1͑a͒ and an assemblage of two kinds of NPs or NWs, as shown in Fig. 1͑b͒ . 1 The former one is called particle-hosttype NCs in which there is topological connectedness ͑each two points in matrix could be connected without encountering any NP or NW͒ and the latter one is called particleparticle-type in which there is no such connectedness ͑two arbitrary points in two separated NP or NW of the same material cannot connect with each other without encountering a NP or NW of the other constituent material͒. In both types of NCs, we assume that the interaction of electrical carriers with nanostructures can be characterized by the scattering possibility which defines the carrier-interface relaxation time b , without considering the quantum size effects
͑Color online͒ ͑a͒ Nanoconstituents ͑NPs or NWs͒ embedded in a host ͑matrix͒ material, noted as particle-host-type NCs. In this type of NCs, any two points in the matrix can be connected without encountering any nanoconstituents. ͑b͒ Mixture of different kinds of nanoconstituents, noted as particle-particle-type NCs. In this type of NCs, two arbitrary points in two separated nanostructures of the same material cannot be connected without encountering the other kind of nanoconstituent. ͑c͒ Schematic of the random trajectory of a carrier transmitting through or scattered by NPs one by one with transmission probability P and reflection probability R =1− P. ͑d͒ Schematic of the open path that the carrier does not meet any interfaces. This open path can exist only in particle-hosttype NCs. In a particle-particle-type NCs, there is no such open path because of the absence of topological connectedness.
on the electrical carriers. Such kind of energy-selective carrier scattering will filter the electrical carriers whose energy are lower than the barrier height ͑noted as E b ͒ while the carriers whose energy are higher than E b can easily pass through an interface, 13 as shown in Fig. 2 . Therefore, Seebeck coefficient will increase in NCs since the average entropy ͑or average energy͒ carried by electrical carriers is enhanced by energy-selective filtering effect although the electrical conductivity decreases. 12, 48 We calculate the TE transport properties in NCs under the framework of the BTE with relaxation-time approximation ͑RTA͒. The model considers electrical carriers in multiple energy bands with the Kane model. We use the Mathiessen's rule by assuming that the scattering events are independent with each other
where i,j tot is the total relaxation time, i,j is the relaxation time of intrinsic scattering mechanisms in bulk alloys, and b,i,j is the carrier-interface relaxation time which will be modeled in Sec. III. Here, i = ͑1,2,...͒ represents the index of electron bands, j = ͑e , h͒ represents the electrons ͑e͒ and holes ͑h͒. When considering detailed scattering mechanisms, i,j in Eq. ͑2͒ could be written as Eq. ͑3͒ below while the individual intrinsic scattering relaxation time in Eq. ͑3͒ will be presented in Sec. II B
where i,j imp is the relaxation time of carrier-impurity ͑imp͒ scattering, i,j po is from carrier-longitude polar optical ͑po͒ phonon scattering, i,j da,l is from carrier-deformation acoustic ͑da͒ phonon scattering and i,j do,lЈ is from carrier-deformation optical ͑do͒ phonon scattering, where l ͑lЈ͒ denotes the different branches of deformation acoustic ͑optical͒ phonon.
Following assumptions are made for our model: ͑1͒ the nanostructures do not change the band structure remarkably and the effect of interfaces on the electrical carrier transport can be treated as a random incoherent scattering so that such a perturbation can be represented by the carrier-interface relaxation time. ͑2͒ Quantum confinement of electrons in nanoconstituents is ignored which will keep our model within the semiclassical category. This assumption is valid when the size of nanoconstituents is large. For small size, when the doping concentration inside the nanoconstituents is low that we choose in this paper, the assumption is also valid since the length of depletion layer is larger than the size of nanoconstituents that leads a smooth and flat band structure inside the nanoconstituents. ͑3͒ The interfaces between nanoconstituents are considered as a series of potential barriers. 40 When the electrical carriers travel in the NCs with random trajectories, they will meet interfaces randomly. ͑4͒ We ignore the anisotropy of all the relaxation times similar to others' work. 40, 49 ͑5͒ We consider the transport probabilities in other kinds of nanoconstituent geometries to be similar to the spherical ones as we focus on the averaging effect of lowenergy carrier filtering. We believe that the effective effect of different geometries with same effective barrier height could be similar. Assumptions ͑1͒ and ͑3͒ are reasonable and useful considering that the endeavor of high efficiency NCs is to pursue easy routes to synthesize high ZT TE materials 18, 20 Assumptions ͑2͒, ͑4͒, and ͑5͒ are for simplicity of this model.
A. Thermoelectric transport with multiple band carriers
We consider TE transport of electrons in both the lowest conduction bands and the highest valence bands in the multiband carrier-transport model. 3 Each of these bands is considered to be N-folded degeneracy where the dispersion relations of each carrier pocket can be written using the Kane model to consider the nonparabolicity
Here m i,j,ʈ
‫ء‬
͒ is the effective mass in a carrier pocket parallel ͑perpendicular͒ to the cleavage plane near the band edge and k i,j,ʈ ͑k i,j,Ќ ͒ is the corresponding wave vector. It is noted that m i,j
is the density-of-states effective mass of each carrier pocket, and m d,i,j ‫ء‬ = ͑N͒ 2/3 m i,j ‫ء‬ is the density-of-states effective mass of each energy band. In order to take the nonparabolicity into account, we consider the energy term as ␥͑E i,j ͒ = E i,j ͑1+E i,j / E g ͒, where E i,j / E g is the nonparabolicity factor which is very important for small band-gap semiconductor such as bismuth telluride TE materials, E g is the energy gap.
The doping concentration n d is defined here as the absolute difference between the concentrations of electrons and holes. The chemical potential for a fixed n d can then be determined by
͑Color online͒ Schematic of the cross section of the band structure of NP and the filtering effect. Here E c ͑E v ͒ is the conduction ͑valence͒ band edge and ⌬E c ͑⌬E v ͒ is the conduction ͑valence͒ band edge difference of two materials. E g is the band gap of the matrix material, d is the size of NP, and r is the radial axe of a spherical coordinate. High-energy carriers can transport through an energy barrier and the low-energy carriers are scattered back.
where ␥Ј͑E i,j ͒ =1+2E i,j / E g , E i,j,0 is the band edge, k B is the Boltzmann constant, and ប is the Plank constant. The first term on the right in Eq. ͑5͒ is the electron concentration and the second term is the hole concentration. It is obvious that they are temperature dependent for fixed n d .
The TE transport coefficients such as electrical conductivity , Seebeck coefficients S, and electronic thermal conductivity c can then be calculated using the BTE under RTA. Particularly, for anisotropic materials like Bi 0.5 Sb 1.5 Te 3 alloy, the TE coefficients in different directions are not the same since m i,j,ʈ
, where we denote = ͑ ʈ , Ќ͒. Then the anisotropic thermal properties of each direction after considering the bipolar effect of the electrons and holes can be written as
͑8͒
Here q j denotes the charge of carrier,
Eqs. ͑6͒-͑8͒ can be written as
where f 0 is the equilibrium Fermi-Dirac distribution.
It should be emphasized that we focus on the parallel components of TE coefficients in the rest of this paper. Therefore, we will ignore the subscript in Eqs. ͑6͒-͑8͒ of parallel components for presentation convenience.
B. Relaxation time of intrinsic scattering mechanisms
In TE alloys, carriers experience impurity scattering, deformation acoustic phonon-scattering, deformation optical phonon-scattering, and longitudinal polar optical phononscattering mechanisms. The total relaxation time of intrinsic scattering for each band i,j in TE bulk materials can be obtained according to the Matthiessen's rule as described in Eq. ͑3͒.
The relaxation time due to ionized impurity scattering is given as 50
where Z = 2 is the ionicity of an impurity atom we considered, s is the static permittivity, n imp is the impurity density, e is the charge of carrier, k is the wave vector of carrier, and is the screening length of screened Coulomb potential, respectively. We choose the Debye screening for convenience in this paper 2 
The relaxation time due to longitudinal polar optical scattering under both elastic scattering assumption ͑ESA͒ and high temperature assumption can be written as
͑12͒
where ϱ is the high-frequency permittivity. The relaxation time due to deformation potential of acoustic and optical phonon scattering under ESA can be written as
where is the mass density, 1 ͑ 2 ͒ is the acoustic ͑optical͒ deformation potential coupling constant, a is the lattice constant, c l is the sound velocity of lth branch of acoustic phonon mode, and l Ј is the frequency of lЈth branch of optical phonon mode, respectively. Here, we ignore the screening effect of deformation potential of acoustic and optical phonon scatterings.
III. RELAXATION-TIME MODEL FOR CARRIER-INTERFACE SCATTERING
The relaxation time is the average flight time between two scatterings events. Assuming that the carrier-interface scattering is independent from other scattering mechanisms, then the relaxation time for carrier-interface scattering b can be written as ␣ / v ␣ + ␤ / v ␤ for particle-host-type NCs and ␣ Ј / v ␣ + ␤ Ј / v ␤ for particle-particle-type NCs, where v is the velocity of carrier, ͑Ј͒ is the average free path length 51 in each constituent material, and ␣ and ␤ are the indexes of different constituent materials in NCs. For convenience, we ignore the band index ͑i , j͒ in the following discussion.
The average free path length could be evaluated based on the average distance L between two successive boundaries/interfaces and the carrier transmission probability P through a potential barrier. When the carriers travel in NCs with random trajectories, they will encounter the interfaces between constituent materials randomly. The carriers transmit through the potential barrier of the interfaces one by one with transmission probability P, or be scattered away by these barriers with reflection coefficient 1 − P as shown in Fig. 1͑c͒ . 51 If an electrical carrier does not meet any potential barriers during its random trajectory, we called this trajectory as open path as shown in Fig. 1͑d͒ . In the following, we try to relate the average free path length with the average distance between two successive interfaces L and the transmission probability P, and then to obtain the expression for the relaxation time b of carrierinterface scattering. We denote L in the matrix material as L ␣ and L in the nanoconstituent material as L ␤ in a particle-hosttype NCs. If we consider there are an arbitrary number n of carriers at the starting point of random trajectory, the free path length of open path for these carriers is nL ␣ . Then nP carriers will pass through the first barrier with free path length nPL ␣ in matrix and free path length nPL ␤ in nanoconstituent. At this, nP i carriers will pass through the ith barrier with free path length nP i L ␣ in matrix and free path length nP i L ␤ in nanoconstituent. The total free path lengths are nL ␣ ͑1+ P +¯+P i ͒ in matrix and nL
The extra P in ␤ is coming from the absence of open path. Therefore, the relaxation time due to interface scattering is
where v ␣ is the velocity of the carrier in matrix and v ␤ is the velocity in nanoconstituents. In a particle-particle-type NCs, we denote L in the two constituents L ␣ Ј and L ␤ Ј, respectively. Because of the absence Fig.  1͑d͒ . The average free path length in each particle constitu-
The relaxation time for the carrier-interface scattering in a particle-particletype NCs would thus be slightly different from that in a particle-host-type NCs and can be written as
By comparing Eqs. ͑15͒ and ͑16͒, we can easily find that b → ϱ when P → 1 for both two cases that means the highenergy electrons transport through the nanoconstituents transparently. We can also find that b →
in Eq. ͑15͒ and b → 0 in Eq. ͑16͒ when P → 0 that means all the low energy electrons are blocked unless there is open path.
A. Calculation of average distance L
In this section, we consider the relation between L which is the average distance between two successive scatterings and macroscopic parameters that can be controlled in experiment such as the volumetric fraction of the nanoconstituents x and the characteristic size of nanoconstituents d ͑d is diameter for spherical NP and cylindrical NP, side length for cubic NP and cuboid NW, and so on.͒ by introducing an intermediate quantity-average area per unit volume , which is the surface-volume ratio that controls effectiveness of carrier-interface scattering.
For a particle-host-type NCs
where D is the size of unit volume, and A and B are geometric factors. With the above, we can easily relate the surfacevolume ratio with the characteristic size and the volume ratio as =
Bx
Ad . L ␣ in the matrix material is proportional to 1 − x and L ␤ in the particle material is proportional to x. Both L ␣ and L ␤ are inversely proportional to . They can then be written as
The geometry factors in Eq. ͑17͒ and ͑18͒ denote the shape of a nanoconstituent material. We present here the determination of A and B in some typical nanostructures such as spherical and cubic NPs, cylindrical and cuboid NWs. For a spherical NP, the volume of the particle is d 3 / 6 and the surface area is d 2 , therefore A = / 6, B = , and A / B =1/ 6. For a cubic NP, the volume of the particle is d short, the influence of the geometry can be summarized into the geometric ratio A / B for any arbitrary geometry following the similar consideration as above examples.
For a particle-particle-type NCs, both constituents are NPs or NWs. It is convenient to consider constituent ␣ as nanoconstituent when constituent ␤ can be considered as matrix similar to the particle-host-type. Then we can define the size of nanoconstituent as d ␣ , the size of the unit volume as D ␣ and the geometric factors as A ␣ , B ␣ . We can also consider constituent ␤ as nanoconstituent and ␣ as matrix, then we can define the size of nanoconstituent as d ␤ , the size of the unit volume as D ␤ , and the geometric factors as A ␤ , B ␤ . As the unit total volume and the unique interface between the two components, we can write the relations similar to Eqs. ͑17͒ and ͑18͒
Equations ͑20͒ and ͑21͒ give a strong restriction of the formation of particle-particle-type of NCs. Similar to Eq. ͑19͒, L ␣ Ј and L ␤ Ј can be written as
͑22͒
We note that the geometry of nanoconstituents in a practical NCs could be very complicated and sometimes could be anisotropic in terms of crystal orientation for anisotropic materials. However, geometric factors as discussed above could help to generalize the averaging effects of interfaces into simple formulas as shown in Eq. ͑19͒ and ͑22͒. This simplification gives us a convenient way to study the filtering effect of interfaces in NCs not only made of simple NP geometry but also that of the random geometry nanoconstituents. In this work, we choose A / B = A ␣ / B ␣ =1/ 6 throughout the paper for convenience.
B. Calculation of carrier transmission probability P
The carrier transmission probability P through energy barrier is a function of the carrier energy, the detailed shape ͑height and width͒ of each potential barrier. For calculating P, we investigate the band diagram near the interface, i.e., the shape of potential barrier. Band bending near an interface is determined by the electrostatic force due to the carrier redistribution, carrier trapping, and the intrinsic band edge difference of two constituent materials. For simplicity of this work, we just consider spherical inclusion as an example and do not consider the carrier trapping near the interface. As mentioned earlier, a spherical shape approximation is reasonable since we are interested only in the average interface effects. The carrier trapping and interface oxidization are very important for the barrier height and is critical for controlling the TE transport properties. However for modeling efforts, considering carrier trapping is not a significant challenge by adding an additional term in the Poisson equation. In the spherical coordinate, one can solve the Poisson equation to obtain electrostatic potential ͑r͒ and carrier distribution n͑r͒ self-consistently
where is the static permittivity and r is the radial variable. We solve this second order differential equation using fourthorder Runge-Kutta and shooting methods with the boundary conditions ͑ϱ͒ = 0, and ͑0͒ = 0 as well as the continuity condition at interface. According to the calculated ͑r͒ and the intrinsic band edge difference of conduction band ⌬E c and valence band ⌬E v , the typical band bending of both conduction band and valence band can be obtained as shown in Fig. 2 . As expected, the barrier height of conduction ͑va-lence͒ band is partly determined by ⌬E c ͑⌬E v ͒ and partly determined by the band bending due to depletion effect near interface, when carrier trapping is not considered. It is well known that ⌬E c is equal to the difference of electron affinities of two constituents of NCs, and ⌬E v = ⌬E g − ⌬E c , where ⌬E g is the band gap difference of two constituents. The difference of conduction bands ⌬E c and valence bands ⌬E v can be tuned by the chemistry stoichiometry. Finally, the transmission probability P through the potential barriers of both conduction bands and valence bands are calculated by solving the one-dimensional Schrödinger equation numerically 52 using the finite difference method. Here, we approximate the sphere by a planar interface.
IV. RESULTS AND DISCUSSION
The model presented in Secs. II and III gives a tool for calculating TE transport properties of NCs. In this section, we first compare our theoretical calculations with the experimental data of Bi 0.5 Sb 1.5 Te 3 alloy and Mg 2 Si 0.6 Ge 0.4 alloy to obtain the fitting parameters of these alloys. Bi 0.5 Sb 1.5 Te 3 alloy is currently the state-of-the-art p-type commercial TE material for temperature control and thermal-management application around room temperature. Mg 2 Si 0.6 Ge 0.4 alloy is a medium temperature range TE material which has significant impacts on waste heat recovery and solar thermal utilization. 38 The fitting parameters are in good agreement with known values reported in handbooks and references, which gives us strong confidence that the multiband Boltzmann transport model can capture TE transport in alloys. After the correct input parameters are identified for TE alloys, we incorporate the relaxation-time model for interfacescattering to model TE properties of recently reported highefficiency Bi 0.5 Sb 1.5 Te 3 -based NCs. Our theoretical model agrees well with the experimental data and helps to give good explanation for recently observed ZT enhancement in NCs. We then present the calculated TE properties of Bi 0.5 Sb 1.5 Te 3 -alloy and Mg 2 Si 0.6 Ge 0.4 -alloy-based TE NCs of both particle-host and particle-particle types.
A. Model validation
We verify our model through a two-step process by comparing the theoretical calculation with the state-of-the art alloys ͑p-type Bi 0.5 Sb 1.5 Te 3 and n-type Mg 2 Si 0.6 Ge 0.4 ͒ and then the recently reported high-efficiency TE NCs made of p-type Bi 0.5 Sb 1.5 Te 3 . Figure 3 shows the comparison of the calculation results of our multiband TE transport model with the experimental data of p-type Bi 0.5 Sb 1.5 Te 3 alloy reported by Poudel et al. in Ref. 31 . The lowest two conduction bands and the highest two valence bands with zero energy difference between their band edges, 49 i.e., E 1,e,0 = E 2,e,0 and E 1,h,0 = E 2,h,0 , are considered. The degeneracy of each band is set to be N = 6. Our calculation results fit well the reported experimental data from 300 to 450 K. Table I presents the fitting parameters for our model to capture the experimental value. Apparently, these fitting parameters are in good agreement with reported values in handbooks and other references.
After proper material parameters are identified for both TE alloys, we incorporate the relaxation time model for carrier-interface scattering as presented in Sec. III to model the TE transport properties of recently reported highefficiency bismuth-telluride alloy-based NCs: the particleparticle-type ͑Bi 0.14 Sb 1.86 Te 3 ͒-͑Bi 0.5 Sb 1.5 Te 3 ͒ NCs materials. As shown in Fig. 3 , our calculation results agree well with the experimental data by choosing an effective barrier height E b ϳ 0.05 eV, the average size of particles d =20 nm as reported in Ref. 31 , and the volumetric fraction of nanoconstituent x = 0.06 as fitting parameters. Other fitting parameters can be found in Table I . The material properties of the nanoconstituent material are chosen to be the same as the matrix material as shown in Table I . Apparently these fitting parameters for NCs show that our multiband Boltzmann transport model along with the newly developed relaxation time model can capture TE transport in NCs.
In Fig. 4 , we also compare our modeling results with the experimental data of n-type Mg 2 Si 0.6 Ge 0.4 alloy reported by Akasaka et al. in Ref. 55 . Mg 2 Si 0.6 Ge 0.4 alloy is an important nontoxic light-weight TE material that has high ZT over medium temperature range ͑700-1000 K͒, which is attracting more attentions these days for waste heat recovery. The lowest two conduction bands and the highest two valence bands are considered. The energy difference between the first and the second conduction bands 54 is chosen to be 0.07 eV, i.e., E 2,e,0 − E 1,e,0 = 0.07 eV while the energy difference between the two valence bands is zero, i.e., E 1,h,0 = E 2,h,0 . The degeneracy of each band is chosen to be N = 2. The calculation results fit the experimental data very well within a very large temperature range, from 300 to 900 K. Table II presents all the fitting material input parameters that are in good agreement with values reported in handbooks and other references.
The model validation steps reported above not only give us great confidence that our multiband Boltzmann transport model with carrier-interface scattering relaxation time can capture TE transport in both n-and p-type alloys and NCs but also help to identify the correct set of material input parameters for further investigation on TE-alloy-based NCs as presented in the rest of this paper.
B. Phonon thermal conductivity of NCs
The thermal conductivity of NCs has the contribution from both electrons and phonons. The electronic thermal conductivity can be calculated using Eq. ͑8͒ as discussed in Sec. II A. In general, the thermal conductivity has a similar dependence on doping concentration and characteristic size of nanostructures as electrical conductivity of NCs since the Wiedemann-Franz law still holds for NCs. It is well known as of today that thermal conductivity of nanostructured materials could be significantly reduced due to the scattering of phonons at interfaces between the lattice-mismatched materials when the characteristic size of the nanostructure is smaller than the phonon mean free path ͑MFP͒, 56 which is estimated for tens to hundreds of nanometers for most of semiconductor materials. As discussed in the introduction of this paper, much work including has been done on modeling and simulation of the thermal conductivity of semiconductor NCs. 33, 34 Here we used the modified EMA ͑Ref. 47͒ to model the phonon thermal conductivity of NCs as a function of the size nanoconstituents and the volumetric fraction of the particle. Details can be found in Appendix. In this model, the key input is the estimation of the MFP and the group velocity of heat-carrying phonons. Following the references, we estimated the MFP and the group velocity of the heatcarrying phonons by approximating the dispersion with a sine function instead of the Debye model which assumes a linear-dispersion relationship between the phonon frequency and the wave vector. Table III lists the estimated values for the phonon MFP, group velocity ͑v͒ and specific heat ͑C v ͒ for the material constituents of the NCs studied in this article. After a reasonable estimation of the phonon properties, the effective thermal conductivity of the constituent materials is estimated based on the relative contributions from the intrinsic thermal conductivity and thermal boundary resistance. With the newly obtained effective thermal conductivity of the constituent materials, the effective medium theory is used to calculate the effective thermal conductivity of the NCs. This model has been verified by comparing the results with computationally intensive simulations of phonon BTE. 33 Results of the size-dependent thermal conductivity are presented in Fig. 5 for particle-host-type NCs made of p-type Bi 0.5 Sb 1.5 Te 3 -alloy and n-type Mg 2 Si 0.6 Ge 0.4 -alloy with different volumetric fractions of their corresponding alloy nanoconstituents.
C. BiSbTe alloy-based NCs
We study the particle-host-type NCs based on the p-type BiSbTe alloy material in this section. The matrix material used is the state-of-the-art p-type room temperature TE material with optimal ZT: Bi 0.5 Sb 1.5 Te 3 . The inputs for material properties are those verified fitting parameters listed in Table  I is an adjustable parameter with y Ͻ 0.5. Accordingly, a positive band alignment can be given as ⌬E v = 0.07͑1−2y͒ eV where the difference of valence band edges between Sb 2 Te 3 and Bi 0.5 Sb 1.5 Te 3 is assumed to be 0.07 eV. The material properties in the nanoconstituent are chosen to be the same as the matrix. Other input parameters used in this subsection are T = 373 K, n d =6n 0 , and d = 10 nm unless specified and n 0 =10 19 cm −3 is used throughout the paper. Barrier height is a key parameter for the TE transport in NCs. There exists an optimal barrier height for interface filtering of low-energy electrons as a result of the competition between the decrease in the electrical conductivity and the increase in the Seebeck coefficient in NCs. Figure 6 shows the power factor and ZT of ͑Bi y Sb 2-y Te 3 ͒ x -͑Bi 0.5 Sb 1.5 Te 3 ͒ 1-x as a function of E b for two different volumetric fraction x. Clearly, the optimum barrier height for maximum power factor is around 0.03− 0.04 eV and it is around 0.05 eV for maximum ZT. Using the simple barrier height estimation discussed earlier in this section, we find that the optimal nanoconstituent material should be Bi 0.14 Sb 1.86 Te 3 ͑with y = 0.14͒ when not considering the charge trapping at interfaces. Figure 6 also shows that the optimum power factors does not change much with x for the same particle size d = 10 nm. However, ZT could be changed dramatically from ZT= 2 to ZT= 1.45 from x = 0.3 to x = 0.1. This indeed confirms the importance of thermal conductivity reduction in TE NCs research. Of course, the practical challenge in TE NCs synthesis is to make a controllable interface between particles that are not easy to oxidize and have controllable electrostatic barrier. Figure 7 shows the size dependence of electrical conductivity, Seebeck coefficient, power factor, total thermal conductivity, and ZT for two different ͑Bi y Sb 2-y Te 3 ͒ x -͑Bi 0.5 Sb 1.5 Te 3 ͒ 1-x NCs with volumetric fractions, x = 0.1 ͑with optimum E b = 0.04 eV when y = 0.21͒ and x = 0.3 ͑with optimum E b = 0.05 eV when y = 0.14͒. For a fixed size d, large x means more interfaces in the NCs, which results in higher Seebeck coefficient and lower electrical conductivity for x = 0.3 than that for x = 0.1 NCs as shown in Fig. 7͑a͒ . For a fixed x, electrical conductivity increases and the Seebeck coefficient decreases with the increase of size d since less interfaces are involved. However, such a change in electrical conductivity and Seebeck coefficient is significant only for x = 0.3 ͓Fig. 7͑a͔͒ while the power factor of NCs with both x = 0.1 and x = 0.3, shown in Fig. 7͑b͒ , does not change dramatically with the size d. Figure 7͑c͒ shows that the total thermal conductivity which is a summation of both electronic and phononic thermal conductivity, as discussed in Sec. IV B, decreases with the increase of x. The thermal conductivity reduction is rather dramatic for small size of nanoconstituent. For example with x = 0.3, the total thermal conductivity for d = 5 nm case is about 50% of d =50 nm case. Overall the TE ZT can be greatly enhanced due to the significant reduction of the total thermal conductivity and a competitive power factor with optimized parameters, as shown in Fig. 7͑d͒ . The maximum ZT could reach 2.8 when d = 4 nm and x = 0.3. It is important that our model is valid only when d is much larger than the Fermi wavelength which is about 1 / ͱ 3 12
2 n d ϳ 1 nm in this material. Figure 8 shows the dependence on the doping concentration of the TE transport coefficients for ͑Bi y Sb 2-y Te 3 ͒ x -͑Bi 0.5 Sb 1.5 Te 3 ͒ 1-x with characteristic particle size of 10 nm in comparison with the bulk Bi 0.5 Sb 1.5 Te 3 alloy. In the range of the plotted doping concentration, NCs has a reduced electrical conductivity and an enhanced Seebeck coefficient. However, the overall change in power factor is not significant, as shown in Fig. 8͑b͒ . The peak of the power factor has a slight shift to a higher n d while the amplitude increase a little for large n d and decrease a little for small n d in NCs compared to the bulk alloy. Apparently the total thermal conductivity increases linearly with the doping concentration since the electronic and phononic contributions to the total thermal conductivity are usually comparable for high-efficiency TE materials. A significant reduction in phononic thermal conductivity due to the increase in phonon-interface scatting results in the decrease of the overall thermal conductivity as shown in Fig. 8͑c͒ . Such a reduction in thermal conductivity induces significant increase in the TE ZT for NCs with x = 0.3 ͓Fig. 8͑d͔͒. Interestingly the maximum ZT for optimized TE NCs appears at around the same doping concentration as that of optimal bulk alloy, at 6n 0 . Figure 9 shows the optimized ZT for particle-host-type ͑Bi y Sb 2-y Te 3 ͒ x -͑Bi 0.5 Sb 1.5 Te 3 ͒ 1-x NCs with a characteristic particle size of 10 nm and different x ͑here y is chosen for an optimal barrier height as identified in Fig. 6 , without considering carrier trapping at interfaces͒. Also shown in the Fig. 6 is the experimental value of reported high ZT particleparticle-type Bi 0.5 Sb 1.5 Te 3 -alloy-based NCs. The maximum value of ZT near 373 K could reach 2 with d = 10 nm, E b = 0.05 eV, and x = 0.3. The optimal temperatures for all cases are within 350-400 K which is important for application of NCs in solar-thermal utilization or waste heat recovery. Our results also show that there are still much rooms to improve ZT of Bi 0.5 Sb 1.5 Te 3 -alloy-based NCs beyond the exciting results published by Poudel et al. 31 by tuning the size of nanostructures and the doping concentration. We also comment that although the thermal conductivity reduction is the obvious mechanisms for ZT enhancement in NCs, significant challenges in developing high-efficiency TE NCs is to remain the power factor considering the carrier trapping at interface and oxidation can easily occur in the synthesis processes.
D. MgSiGe alloy-based NCs
As mentioned earlier, MgSiGe alloy based TE material are attracting more attentions for medium temperature range waste heat harvesting. Here we study the particle-host-type NCs based on the n-type MgSiGe alloy material in this section. The matrix material used is the n-type Mg 2 Si 0.6 Ge 0.4 TE alloy that has an optimal ZT. The input for material properties are those verified during the fitting process as listed in Table II . For the particle inclusions, we chose Mg 2 Si y Ge 1-y , where y is an adjustable stochoimetry parameter with y Ͻ 0.6. Accordingly, a positive band alignment can be given as ⌬E c = 0.1͑1−5y / 3͒ eV where the difference of conduction-band edges between Mg 2 Ge and Mg 2 Si 0.6 Ge 0.4 is assumed to be 0.1 eV. The material properties in the nanoconstituent are chosen to be the same as the matrix. Other input parameters used in this section are T = 800 K, n d =3n 0 , and d = 10 nm unless specified. Figure 10 shows the power factor and ZT of ͑Mg 2 Si y Ge 1-y ͒ x -͑Mg 2 Si 0.6 Ge 0.4 ͒ 1-x as a function of E b for different volumetric fractions x. The optimum barrier height for maximum power factor is around 0.04− 0.06 eV and it is around 0.08 eV for maximum ZT. Using the simple barrier height estimation discussed earlier, we find the optimal nanoconstituent material should be Mg 2 Si 0.12 Ge 0.88 ͑with y = 0.12͒. Figure 10 also shows that the optimum power factors does not change much with x for the same particle size d = 10 nm. However, ZT could be changed dramatically from ZT= 1.16 to ZT= 0.92 from x = 0.3 to x = 0.1 due to a much drastic thermal conductivity reduction in NCs with x = 0.3.
Comparing Fig. 10 with Fig. 6 , we can see that the optimum barrier height of n-type MgSiGe-alloy-material-based NCs is larger than the p-type BiSbTe-alloy-based NC. This is because of the much higher operation temperature of the MgSiGe-alloy-based TE NCs. At a higher operating temperature, more carriers are distributed on the states with higher energy. Therefore, a higher barrier height is needed for effective filtering. Figure 11 shows the size dependence of electrical conductivity, Seebeck coefficient ͑note it is negative for n-type materials͒, power factor, total thermal conductivity, and ZT for the two different ͑Mg 2 Si y Ge 1-y ͒ x -͑Mg 2 Fig. 11͑b͒ . Figure 11͑c͒ shows that the total thermal conductivity decreases with the increase in x and the reduction in thermal conductivity is dramatic smaller size nanoconstituent. Finally, Fig. 11͑d͒ shows that the TE ZT can be greatly enhanced due to the significant reduction in the total thermal conductivity and a competitive power factor with optimized parameters. The maximum ZT could be 1.5 for d = 4 nm and x = 0.3. Figure 12 shows the dependence on the doping concentration of the TE transport coefficients for ͑Mg 2 Si y Ge 1-y ͒ x -͑Mg 2 Si 0.6 Ge 0.4 ͒ 1-x NCs with d =10 nm in comparison with the bulk Mg 2 Si 0.6 Ge 0.4 alloy. Figure 12͑a͒ shows that NCs have a reduced electrical conductivity and an enhanced Seebeck coefficient. However, the overall change in power factor is not remarkable as shown in Fig. 12͑b͒ . The peak of power factor has a shift to a higher n d while the amplitude increase a little for large n d and decrease a little for small n d in comparison with the bulk alloy. In Fig. 12͑b͒ , the peak of power factor shift to higher n d . The decrease of overall thermal conductivity due to the increase of phononinterface scattering is shown in Fig. 12͑c͒ . Such a reduction in thermal conductivity induces significant increase in the TE ZT for NCS with x = 0.3 ͓Fig. 12͑d͔͒. The maximum value of ZT for the optimized TE NCs appears at a higher doping concentration, 2.8n 0 , than that of optimal bulk alloy, 2n 0 . 5 / ⍀ m, the Seebeck coefficient is 153 V / K, the power factor is 26.6 W / cm K 2 , total thermal conductivity is 3.32 W/mK, and the ZT is 0.64. Figure 13 shows the temperature dependence of the optimal ZT for particle-host-type ͑Mg 2 Si y Ge 1-y ͒ x͑Mg 2 Si 0.6 Ge 0.4 ͒ 1-x NCs with d = 10 nm and different volumetric fraction x ͑Here y is chosen for an optimal barrier height as identified in Fig. 10͒ . The maximum value of ZT near 950 K could reach 1.22 with d = 10 nm, E b = 0.08 eV, and x = 0.3. The optimal temperatures for all cases are within 900− 1000 K which is good for application of NCs in waste heat recovery.
E. Comparison of TE performance for particle-host and particle-particle types of NCs
We study the difference between the particle-particle-type and particle-host-type NCs in this section. Figure 14 shows the electrical conductivity, Seebeck coefficient, and power factor of these two kinds of ͑Bi y Sb 2-y Te 3 ͒ x -͑Bi 0.5 Sb 1.5 Te 3 ͒ 1-x NCs with x = 0.3 and optimal E b = 0.05 eV when y = 0.14. The input parameters are A / B =1/ 6 and d = 10 nm for particle-host-type NCs, A ␣ / B ␣ =1/ 6 and d ␣ = 10 nm for particle-particle-type NCs. Figure 14 shows that the filtering effect of low-energy carriers in particle-particle-type NCs are much stronger than that in the particle-host-type NCs under the same set of input parameters. The reduction in electrical conductivity and the enhancement of Seebeck coefficient are more significant for the particle-particle-type NCs due to the fact that there is no open path for the low-energy carriers to go around the potential barriers in particle-particle-type NCs. This could be understood by the relaxation-time model obtained earlier. Equation ͑15͒ always gives a larger than that from Eq. ͑16͒ as P Ͻ 1. In other words, low energy carriers are filtered more effectively by particle-particle-type NCs than that by particle-host-type NCs. Figure 14 also shows that the power factor of particle-particle-type NCs is a little smaller than particle-host-type NCs for low doping concentration case and a little larger for high doping concentration case. It is because that the reduction in electrical conductivity is larger than the enhancement of Seebeck coefficient when the doping concentration is low and the reduction in electrical conductivity is smaller than the enhancement of Seebeck coefficient when the doping concentration is high. For the optimal doping we obtained ͑6n 0 ͒ in Fig. 8͑d͒ , the power factor of the particle-particle-type NCs is about 3% higher than that of the particle-host-type NCs. Tian and Yang 57 showed in an earlier work that thermal conductivity in a particle-particletype NCs could be only slightly more than half the particlehost-type NCs with a same characteristic size. We thus expect that a particle-particle-type NCs material could offer much higher efficiency than that of a particle-host-type NCs with the same characteristic size due to much stronger interface scattering on electrons and phonons.
V. CONCLUSIONS
We develop a multiband Boltzmann transport equationbased semiclassical model to study the TE transport properties of both particle-host-type and particle-particle-type semiconductor NCs. A relaxation-time model for electrical carrier-interface scattering is developed to account for the filtering effect of low-energy electrons on transport properties. After fitting the model with bulk TE alloys that gives reasonable adjusting parameters for bulk alloys, which are close to handbook values, the model is further validated by comparing the modeled TE properties with recently reported measurement value of TE properties in NCs. The model is then applied to predict TE properties of both the particlehost-type and the particle-particle-type semiconductor NCs such as p-type ͑Bi y Sb 2-y Te 3 ͒-͑Bi 0.5 Sb 1.5 Te 3 ͒ and n-type ͑Mg 2 Si y Ge 1-y ͒-͑Mg 2 Si 0.6 Ge 0.4 ͒. The dependence of TE transport coefficients on the size of nanoconstituents, doping concentration, and temperature are studied. We found that the TE ZT can be enhanced remarkably in NCs materials according. The reduction in thermal conductivity is the major mechanism together with a slightly changed power factor. We also point out that a particle-particle-type NCs material could offer much higher efficiency than that of a particlehost-type NCs with the same characteristic size due to much stronger interface scattering on electrons and phonons. FIG. 14. ͑Color online͒ Comparison of carrier density dependence of ͑a͒ electrical conductivity and Seebeck coefficients, and ͑b͒ power factor, for particle-host-type NCs and particle-particletype NCs. n 0 =10
19 / cm 3 . 
